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For 45967 = 227123259 to be a perfect square, the exponent on each prime
must be even. That is, y and z must be even. Only choice (C) satisfies this
condition.

Checking the first few values we find

ug =4

uy = f(4) =5
U2:f(5):2
U3=f(2):1
u4=f(1):4
us = f(4) = 5.

In general, we see that usiy; = u;, where k is any integer greater than or
equal to zero. Hence, usgp2 = u4.50042 = uz = 2.

Let a,b,c be the dimensions of the box, a < b < ¢. Since abc = 2002 =
2:7-11-13, the only possible triples (a, b, ¢) are (1,1,2002), (1,2,1001), (1,7,286),
(1,11,182), (1,13,154), (1,14,143), (1,22,91), (1,26,77), (2,7,143), (2,11,91),
(2,13,77), (7,11,26), (7,13,22), and (11,13,14). Among these, the last triple
gives the minimum sum, 38.

Multiplying both sides of the given equation by b(b + 10a) yields
2ab + 10a® + 10b* = 2b* + 20ab

which is equivalent to (a — b)(5a — 4b) = 0. Since a # b, we have 5a = 4b, or
=08

There are 16 factors of 2002 =2-7-11-13. We examine them and find that
only three of them, namely 2, 7, and 14, are 2 less than a perfect square.

If m and w are the current numbers of men and women, respectively, then we
have

m n w _m—|—w
1.05  1.20 1.10
or
m 1 1) 1 1
w \1.05 1.10/ 1.10 1.20°

w 4

=1

Let U be the set of all three-digit numbers, let S be the set of three-digit
numbers that contain no 2s, and let T" be the set of three digit numbers that
contain no 3s. Then SNT is the set of three-digit numbers containing neither
a2mnora3dand U— (SUT) is the set of three-digit numbers containing
at least one 2 and at least one 3. We have |U| = 900, |S| = |T| = 8- 92,
and |[SNT| = 782 Therefore [SUT| = |S| + |T| — |SNT| = 848, and
U - (SUT)| =52.

and

It follows that 2 = T so that 7% = 11, o
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From similar right triangles ACE and ECB, % = %. Therefore EC? =
(AC)(CB) = (1)(25) and EC = 5. Similarly, FD? = (AD)(DB) = (8)(18)
and FFD = 12. If we choose G on F'D so that EG is parallel to AB then
triangle EGF is right with EG = GF = 7. Therefore the hypotenuse FF =
V2.

Let the fly be = meters from the ceiling. Then the fly and point P determine
a major diagonal of the rectangular parallelepiped having dimensions 1, 8,
and z. Therefore, 12 + 82 + 22 = 92, and it follows that x = 4.

The expression is an identity. Note first that

fe(z) = (sin® z)® 4 (cos? z)?

in? x + cos® x)(fi(x) — sin® z cos® )

(s
fa(z) — sin® x cos? z.

Therefore,
6fs(x) — Afs(x) = 2f4(x) + 4sin® x cos® x = 2fo(x).
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Because n3 —8n%+20n—13 = (n—1)(n? — Tn+13), for the value to be prime
one factor must equal 1 and the other factor must be prime. Forn—1=1 we
must have n = 2, and in this case the other factor is the prime 3. Son = 2 is
a solution. For n? —Tn+13 =1, we have n> — Tn+12 =0 = (n — 4)(n — 3),
so we must have n = 3 or 4, and in each case the other factor is prime (2 and
3, respectively). Therefore n® — 8n2 + 20n — 13 is a prime for three positive
integer values of n.

Since 12 +22 + 32 + ... 4+ 182 > 2002, we know that n < 17. Then note that
12422432 +... 4192 — 182 — 122 = 2002, hence n = 17.
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14. (D) The real part of the sum is

—244—6+...+2000— 2002 = —2+ (4 —6) + ...+ (2000 — 2002)
= —2.501 = —1002,

and the imaginary part of the sum is

1-34+5—...-1999+2001 =1+ (=3 +5)+ ...+ (—1999 + 2001)
=1+42-500 = 1001.

Hence the answer is (D), —1002 4 1001s.
15. (C) There are (20202) = 20022001 — 1001 - 2001 possible pairs that can be drawn.

There are 10012 pairs of different colored marbles, so P; = #21;01‘ There-
fore, P, =1— P; = %, and |Ps — Py| = ﬁ

16. (C) If the sides of a triangle corresponding to the altitudes 12, 15, and 20 are a,
b, and c respectively, then we have

12a = 15b = 20c

or, dividing by 60,

a b ¢

5 4 3
It follows that a = 5r, b = 4r, and ¢ = 3r and so the triangle is a 3-4-5 right
triangle whose largest angle is 90°.

17. (E) Since cos?z = 1 — sin? 2 and sin® x = 1 — cos?

x, we have

\/sin4x+40082x— \/cos4ac+4sin2a:: \/sin4x—4sin2x—|—4

—\/cos4x—4cos2x+4
=1/(sin® 2z — 2)2 — y/(cos2 x — 2)2
= |51112x — 2| — ‘cos2x - 2|

=2 —sin®z — (2 — cos? z)

cos? x — sin® 2 = cos 2z.
18. (A) Adding the three equations we obtain
(a® + 6a) + (b* + 2b) + (* + 4¢) = —14,
which is equivalent to

(a+3)2+(b+1)%+(c+2)?2=0.
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Therefore a = —3, b= —1, c = —2, and a2 + b> + ¢% = 14.

Let the extensions of AB beyond B and DC beyond C' meet at E. Then,
because angles C BE and BC'E both equal 60°, BEC is an equilateral triangle
of side 4. The area of triangle BCE is 4v/3 and the area of triangle AED is
(AE)(DQJ) sin60° _ 632/5. Therefore the area of ABCD is %‘/5 — 43 = %.
Setting = 2, and then x = 1001, we have f(2)+2(1001) = 6 and f(1001)+
2f(2) = 3003. Subtracting the first equation from twice the second equation

we obtain 3f(2) = 6000, so f(2) = 2000. Note that f(z) = 22 — z is such a
function.

Let x =log,a and y = log.b. Then we are given

(1 1) 9
2(0=+-) = .
r o y) xty

This is equivalent to 2(x + y)? = 92y or

227 — bry + 2y° = 2z —y)(z — 2y) = 0.

Therefore, 2log,a = log,.b or log,a = 2log, b, and so log, b = % or 2. The
larger value is 2.

If there are ¢ (¢ > 0) correct answers and u (v > 0) unanswered questions
and ¢+ u < 25, then the score is 6¢ + 2.5u. If ¢ is sufficiently large and u is
sufficiently small, the same score will be obtained with ¢ — 5 correct answers
and u + 12 unanswered questions (this requires ¢ + u < 18), and also with
¢ — 10 correct answers and u + 24 unanswered questions. Note that in the
latter case we must have ¢ > 10 and ¢ + u < 11. Therefore, for there to be
three ways to obtain the score 6¢ + 2.5u we can only have ¢ = 10 and v = 0,
orc=10and u =1, or c =11 and u = 0. The three such scores are 60, 62.5,
and 66, and their sum is 188.5

Let z = w — 147. Then the equation becomes
(w — 144) (w — 13i)(w — 117) = 20024.
This simplifies to
w? — 38iw? — 479w = 0.

The zeros of this cubic are 0 and 197 & /118. Therefore the zeros of the
original equation are —14¢ and 5i + /118, and the zero satisfying the given
conditions is /118 + 54, so a = v/118.
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Let a be the length of ABCD’s edges. Denote z, ¥y, z the distances from F to
the faces DAB, DBC, DCA respectively, and by u,v,w the distances from
E to edges AB, BC, C A, respectively. Then

Vapep = Vepap + Vepse + VEDCA

1
= g(KDAB -2+ Kppc-y+ Kpca - 2)
We have Vaipep = %KABC -h, where h is the altitude of tetrahedron ABCD.
Then h is a leg in a right triangle whose other leg is %a@ = “T?’ and whose
hypotenuse is “—\2/5 Then h = 1/% - % = “T‘/é. Since ABC, DAB, DBC,

and DCA are all equilateral triangles, Kapc = Kpap = Kppc = Kpca,
sos=z+y+z=h= “T‘/g Similarly, in triangle ABC, Kapc = Kgap +

Kgpe + Kpca = %(AB-u+BC’-v+C’A-w). So “22/5 = g(u+v+w).

NG
— _ av3 st 22
Hence, S=u+v+w =% ands—azﬂ— =

Squaring each equation and adding gives
(sin? @ + cos® a) + (sin® b 4 cos? b) + 2(cos a cosb + sinasinb) = 2

or

cos(a — b) = 0.

Multiplying the two equations together gives

3
(sinacosb+sinbcosa) + (sinacosa + sinbcosb) = g

or
sin(a 4+ b) + sin(a + b) cos(a — b) = ?

ol

Substituting cos(a — b) = 0, we have sin(a + b) =



